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Abstract — In this paper, we propose an analog beamsteering 
approach for enabling flexible hybrid beamforming design that 
can achieve performance close to singular value decomposition 
(SVD) based digital beamforming with single user case. As a start-
ing point, assuming the use of a codebook with infinite precision, 
we apply transposes of antenna array response matrices as analog 
beamformers at the BS and the UE sides. The resulting effective 
channel matrix including both propagation channel and analog 
beamformers is shown to be able to provide a maximal achievable 
rate very close to SVD based digital beamforming at low to medi-
um SNR. Next, the impact of a finite size codebook is analyzed for 
practical analog beamformer design. A closed-form derivation is 
obtained for mapping rate loss to the number of antennas, code-
book sizes and the received SNR. The analysis shows that in order 
to achieve performance comparable to analog beamforming with 
infinite precision, the codebook size should be at least larger than 
the number of implemented antennas. Therefore, the proposed 
analog beamforming approach can be designed independently 
without taking digital beamforming into account. Such an ap-
proach can lead to the development of flexible hybrid beamform-
ing architectures that could adapt to a changing propagation envi-
ronment via agile analog beam selection and maximize spatial multi-
plexing gain via proper digital beamformer design.        
Keywords— analog beamformer, antenna array, codebook 
size, digital beamformer, mmwave communications, hybrid 
beamforming, SVD based digital beamforming.  
I.   INTRODUCTION  
One important aspect for the development of 5G and future 
communication evolution is to provide extreme mobile broad-
band user experiences, such as UHD/3D streaming, immersive 
applications and ultra-responsive cloud services, with an afford-
able price [1]-[3]. In addition to improve spectrum usage at the 
1-6 GHz frequencies, mobile communication systems operating 
in mmwave bands are being seriously considered by the industry 
as a very promising approach to boost capacity significantly [1]-
[3]. By deploying a large number of antennas at the BS and UE 
sides, severe path loss problem that traditionally limits scope of 
communication over mmwave frequency bands can be addressed 
[1], [3], [4].  
However, in practice, it is very challenging to devise beam-
forming techniques that are capable of quickly adapting to con-
stantly changing propagation environment in mmwave frequen-
cy bands and at the same time provide extremely high through-
put with reasonable cost and energy efficiency. Based on meas-
urement results shown in [4], in addition to the traditionally con-
sidered line-of-sight (LOS) path, one or multiple strong reflect-
ing paths can also exist in the mmwave propagation environ-
ment. In order to capture spatial multiplexing gain offered by the 
multi-path phenomenon with reasonable implementation cost, 
several hybrid beamforming techniques are proposed in [5]-[7]. 
The main idea is to optimize analog and digital beamformers 
together at the BS and UE side, separately or jointly, for achiev-
ing the best possible performance. Yet such a digital/analog co-
optimization approach might not be the best candidate for adapt-
ing fast varying mmwave propagation environment as it takes 
some computation resources and time to carry out optimization 
process even if perfect channel knowledge is already acquired.  
In this paper, we propose an array response vector based an-
alog beamsteering approach that can lead to flexible hybrid 
beamforming design with performance close to SVD based 
digital beamforming. In detail, assuming the use of a codebook 
with infinite precision, we apply transposes of antenna array 
response matrices as analog beamformers at the BS and the UE 
sides. The resulting effective channel matrix including both 
propagation channel and analog beamformers can provide max-
imal achievable rate very close to SVD based digital beamform-
ing at lower to medium SNR. Next, the impact of finite code-
book size is analyzed in a closed-form. The obtained derivation 
can evaluate rate loss mathematically, in terms of the number of 
antennas, codebook sizes and the received SNR, without using 
extensive computer simulations. Based on the analysis, the 
codebook size should be at least larger than the number of im-
plemented antenna elements. In order to minimize performance 
degradation, the codebook size should be about 2 times of the 
number of implemented antennas.  
Notations:  diag( )a  denotes a square diagonal matrix with 
elements of the vector a  on the diagonal. Superscripts  (.)T  and 
(.)H  denote vector or matrix transpose and vector or matrix con-
jugate transpose, respectively. Finally, 1(.)  denotes matrix in-
verse. 
II.  ANALOG BEAMSTEERING BASED ON ARRAY REPONSE 
VECTORS USING A CODEBOOK WITH INFINITE PRECISION 
A. Basic Signal Model for Hybrid Beamforming 
We consider a single-user point-to-point DL transmission 
system that operates at mmwave frequencies. At the BS side, 
BSN  transmit antennas and BSM  transceivers are implemented, 
while at the UE side, UEN  receive antennas and UEM  trans-
ceivers are deployed.  
 
As discussed in [4], [6], the propagation channel at the 
mmwave frequencies has a limited number of scatterers. Assume 
the transmitted signal is narrowband compared to the operating 
central frequency. We can then write the UE BSN N  propaga-
tion channel matrix using a geometric model with L  scatterers 
[6], [8] as 
   diag HUE BSH A g A  (1) 
where 1 2,/ , ,UE BS LN N g g g    g  , ρ  refers to the 
path-loss between the BS and the UE, lg  denotes a complex 
gain of the l-th path and follows a complex Gaussian distribution 
as 2(0, )l lg   . Assuming uniform linear array (ULA) is 
implemented at the both sides, the antenna array response matri-
ces at the BS and the UE read 
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Here, l  and l  refer to azimuth angles of departure (AoD) 
at the BS and azimuth angles of arrival (AoA) at the UE, respec-
tively. Both l  and l  follow uniform distribution over 
[ 0.5 , 0.5 ]  .   is the wavelength of transmitted signal and d  
denotes distance between antenna elements. The antenna array 
response vector can also be written in terms of wavenumber as 
 ,BS l BSa and  ,UE l UEa where , 2 sin /l BS l     and 
, 2 sin /l UE l    . 
In theory, this channel matrix described in (1) can support up 
to L independent data streams. Here, we exploit spatial multi-
plexing gain offered by the channel and transmit 1L  data 
vector s  from the BS. After experience digital/analog beam-
forming at the both BS and UE sides, signal vector at the detec-
tor input at the UE side appears to be 
 D A A D D A y W W HF F s W W n  (3) 
where AF  and DF  are BS BSN M  analog and BSM L  
digital  beamformers at the BS side and AW  and DW  refer to 
UE UEM N  analog and  UEL M  digital beamformers at the 
UE side, respectively, and n  denotes 1UEN   additive channel 
noise vector with complex Gaussian distributed entries following 
2(0, / )n UEN . The SNR is defined as 
2 2
1
/ ( )
L
s l nl
P     where sP  denotes the transmitted 
power of s . The achievable array gain is given by 
 1010 log UE BSN N . 
In general, the performance of hybrid beamforming is upper 
bounded by digital beamforming, e.g., based on SVD decompo-
sition [4]-[7]. As a reference, we consider the widely known 
optimal unconstrained unitary digital precoder given by 
BSN L  unitary matrix opt A D L F F F V . It consists of the 
L right singular vectors of H  based on singular value decompo-
sition (SVD) over the transmission channel matrix H  as 
HH U V  [6]. At the UE side, applying UEL N  combiner 
H
L D AU W W  that consists of the L left singular vectors of H  
at the UE side, the reference maximal achievable rate is given by 
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where L  is a L L  diagonal matrix contains entries of singu-
lar values of H . The expectation is carried out over different 
channel realizations.  
B. Analog Beamsteering based on Array Reponse Vectors 
using A Codebook with Infinite Precision 
 Assume perfect knowledge on AoD and AoA known at the 
BS and the UE respectively. Also, assume the analog beam-
formers use codebooks with infinite precision at the both sides. 
L  transceivers are implemented at the both BS and UE sides 
also, i.e., BS UEM M L  . 
Then we directly apply transposes of the antenna array re-
sponse matrices HBSA  and UEA  in (1) as analog beamformers as 
  HA BS A UE F A W A  (5)  
Incorporating (5) with (1), the resulting effective channel matrix 
including propagation channel matrix and analog beamformers 
reads 
  diagA A A A H W HF W g F   (6) 
where both AF  and AW  are L L  square matrices,  
H
A BS BSF A A  and 
H
A UE UEW A A .  
With unit transmit power at the BS, the achievable maximal 
throughput of the effective channel matrix in (6) can be evaluat-
ed as 
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Note that, this rate defined in (7) only affects the achievable per-
formance of the effective channel matrix H . Further processing 
in digital domain via proper design of digital precoder DF  and 
combiner DW  is still required. This is out of the scope of the 
paper and forms a continuing topic for the future study. 
 
  
Fig. 1. Example spectral illustrations on amplitude over different phase dis-
tance from 0 to π , / 2d  . 
Next, based on (2) and (6), it is interesting to observe that 
AF  and AW  are non-diagonal matrices with all the diagonal 
entries equal to 1, i.e., 
,A l l
   W
  
,
1A l l
   F
  for 1, ,l L  . 
Amplitudes of the corresponding off-diagonal elements at 1l -th 
row and 2l -th column read 
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In general, the amplitudes of  
1 2,A l l
  F
  and 
1 2,A l l
  W
  drops 
dramatically with increased phase difference 
1 2,l l
   
2 1l l
   and 12 11 2, ll l    . For example, as shown in Fig 
1, the probabilities of 
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  and 
1 2
2
,
0.5A l l
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  are 
less than 1 / BSN   and 1/ UEN  respectively when 1 1l l   
0 . If a large number of antennas are deployed, with a high 
probability, the off-diagonal elements in (8) are quite small val-
ues compared to 1. Then we can make approximation as 
A F I   and A W I . Inherently, the achievable system 
throughput in (7) can be simplified to 
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As will be shown in simulations, the above approximation in (9) 
is a good estimate in low-mid SNR range where additive channel 
noise is the dominant adverse factor. It tends to overestimate 
achievable rate when SNR is high and inter-stream interference 
due to non-zero diagonal elements in AF  and AW  becomes to 
be the dominant adverse factor.  
III. ANALOG BEAMSTEERING BASED ON ARRAY REPONSE 
VECTORS USING FINITE SIZE CODEBOOKS 
In the previous section, we simply assume that the analog 
beamformers use codebooks with infinite precision. In this sec-
tion, we consider the realistic case that finite size codebooks are 
used and then analyze the impact of codebook size on the per-
formance in terms of maximal achievable rate. 
Assume phase shifters are used as the implementation of an-
tenna array beamsteering. The used codebooks are BS  at the 
BS and UE  at the UE with sizes of BSC  and UEC , respective-
ly. Entries of the codebooks correspond to different steering an-
gles l  and l  and inherently different steering phases given by 
  ,(2 / ) sin l l BSd d     and   ,(2 / ) sin l l UEd d     at 
the BS and UE sides, respectively. For implementation simplici-
ty, we assume entries in the codebooks are equally distributed 
over phase domain [ (2 / ) ,(2 / ) )d d     instead of steering 
angles l  and l . With fixed antenna distance d , available 
wavenumber entries , ( ),l BS UE n  in the codebook are  
 , ( ), ,( )4 / / (2 / )l BS UE n BS UEn C       (10) 
for ( )0, , 1BS UEn C  . The corresponding entries in terms 
of steering angles are then given by 
 , ( ),arcsin / 2 /l BS UE n   that is not equally distributed 
over angular domain for ( )0, , 1BS UEn C  .  
Now, with codebooks BS  and UE  and known , ( )l BS UE  
from propagation channel, we construct analog beamformers 
based on (5) as  
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where ,lˆ BS  and ,lˆ UE  are wavenumbers from codebooks BS  
and UE  that minimize Euclidian distances of 
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In general, differences between the chosen wavenumbers 
, ( )lˆ BS UE  in the used codebook and actual wavenumbers 
, ( )l BS UE  from propagation channel in (1) appear to be 
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where ˆ      and ˆ     . With given   and  ,  
,l BS  and ,l UE follow uniform distribution BS   
 2 / / ,2 / /BS BSC C     and  ( 2 /UE     
/ , 2 / / )UE UEC C   . It can be shown that the entries of 
codebooks are orthogonal so that ˆ ˆHA A F F I  and 
ˆ ˆ H
A A W W I . 
Now incorporating (11) with (1), after applying analog 
beamsteering using finite size codebooks, the effective channel 
matrix becomes to be  
  ˆ ˆ ˆ diagA A A A H W HF W g F
 
 (14) 
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
 and AW

 are L L  square matrices,  
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
.  
The maximal achievable rate of the effective channel matrix 
including both propagation channel matrix and analog beam-
formers based on codebooks BS  and UE  reads 
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In order to analyze the impact of codebook size on the link 
performance, similar for deriving (9), we again approximate the 
off-diagonal elements of  AW

 and AF

 to be small valued com-
pared to the diagonal elements so that AW

 and AF

 are both 
diagonal matrices and given by 
 A BS A UE   F W
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  (16)  
where 1, ,, ,BS BS L BS        and 1,[ , ,UE UE     
, ]LUE .  ,l BS  and ,l UE  are l-th diagonal elements of AF

 
and AW
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 and their amplitudes read 
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where  , ˆ2 sin sin /l BS l l        and , 2l UE    
 ˆsin sin /l l    . 
Incorporating (16) with (15), the maximal achievable rate can 
be approximated as 
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where /s UE BSP N N  . Subtracting (18) from (7) and 
applying Taylor expansion 
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In (19), the approximation is made based on the assumption that 
wavenumber errors , ( )l BS UE , 1, ,l L  , are small.  
Here, the rate loss in (19) for the l-th path is determined by 
product of two multiplicative terms 0,lR  and 1,lR . The first mul-
tiplication term 0,lR  depends on the l-th path gain lg  that fol-
lows complex Gaussian distribution 2(0, )l . By average 0,lR  
over 2(0, )l  a closed-form derivation can be obtained as 
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where 1 1( ) /
xtE x e tdt
   . Based on (20), the rate loss due 
to the use of finite size codebooks increases with increased over-
all receiving SNR. On the other hand, the second multiplication 
term 1,lR  in (19) depends only on the wavenumber errors 
, ( )l BS UE  and the number of antenna elements. Again, assuming 
, ( )l BS UE  is small enough, 
2
, ( )l BS UE  in (17) can be approxi-
mated to be  
22 2 2 2
, ( ) ( ) , ( )1 ( 1)( ) / 24l BS UE BS UE l BS UEN d      (21) 
Here 2, ( )l BS UE  decreases with increasing absolute value of 
wavenumber error , ( )l BS UE . According to (10) and (13), the 
maximal wave number error reads , ( ),max 2l BS UE    
( )/ /BS UEC  . By setting 2, ( ) 0.5l BS UE   and 
, ( ) , ( ),maxl BS UE l BS UE    in (21), the minimal codebook size 
for avoiding instantaneous 3 dB power loss of 2, ( )l BS UE  reads 
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  (22) 
Assuming the numbers of antennas at the BS and UE are not 
small and antenna distance is set to be / 2d  , a simple de-
sign rule of thumb between the number antennas and proper 
codebook size can be obtained by evaluating  
 ( ) ( ) ( )1.18BS UE BS UE BS UEC N N   (23) 
The formula in (23) shows, in order to avoid larger than 3 dB 
instantaneous power loss for each path, we should use a code-
 
book size that is at least larger than the number of antenna ele-
ments implemented in the array at the BS and UE side.  
In addition, as shown in (13) and assuming / 2d  , we 
have , cosl BS ld        and , cosl UE l ld     
  . The value of 1,lR  in (19) is upper bounded by the case 
that ,l BSdκ ′  and UEdκ ′  follow uniform distributions as   
/ , /BS BS BSd C C       and UEdκ ′   [ / ,UEC  
/ ]UEC  respectively. Then, after some mathematical deriva-
tions, a closed-form upper bound for 1,lR  can be obtained as  
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where  2( ) / / 6BS UEa d   and , ( ) ( )  l BS UE BS UEN   
( )/  BS UEC .  
Based on (19), (20) and (24), rate loss increases with increas-
ing SNR per path and also with increasing ratio between the 
number of antenna elements and codebook size , ( )l BS UE .    
IV. NUMERICAL RESULTS AND ANALYSIS 
In this section, we study performance of the proposed ana-
log beamsteering approach using extensive computer simula-
tions. Assume the system operates at central frequency of 28 
GHz. There are 3L   paths in the propagation environment 
with path-loss exponent factor of 2. The gain of each path is 
modeled as complex Gaussian distributed variable following 
(0,1 / )L . The transmitted power is 27 dBm and the dis-
tance between BS and UE is set to be 50 m. We further assume 8 
antennas are deployed at the UE side. For comparison purpose, 
all the SNRs depicted in the figures are defined as 
2 2
1
/ ( )
L
s l nl
P    .  
First, the performance of the proposed analog beamsteering 
approach using a codebook with infinite precision is compared 
with SVD based digital beamforming. 8 or 64 antennas are de-
ployed at the BS side. As shown in Fig. 2, the proposed beam-
forming approach can provide maximal achievable rate very 
close to SVD based beamforming in both cases. It generally 
shows that analog beamforming alone could provide reasonable 
good rate performance in the low to medium SNR region where 
transmit/receive power is the most influential factor. The simpli-
fied rate calculation in (9) is shown to be a good approximation 
in the noise dominant low SNR region. CDFs of condition 
numbers of the effective channel matrices using digital 
beamforming and analog beamforming are compared in 
Fig. 3 using 8 and 64 antennas at the BS respectively. It 
shows the proposed analog beamforming has higher prob-
ability to generate ill-conditioned effective channel matrix 
than its digital beamforming counterpart. However if spa-
tial multiplexing gain is only obtained when the condition 
number is less 100, the analog beamforming with 64 an-
tennas at the BS can achieve performance very close to 
digital beamforming.  
Next, we examine the impact of codebook size on the per-
formance of the proposed analog beamforming. Assume 64 an-
tennas are implemented at the BS and 8 antennas are implement-
ed at the UE. The maximal achievable rates for using codebook 
sizes 128,64, 16BSC   and 16, 8, 4UEC   are evaluated 
using extensive computer simulations. Again, the SVD based 
digital beamforming is used as a reference. Based on the used 
setups, array gain is about 27 dB. We thus consider SNR per 
antenna in the range of -40 dB to 0 dB where most mmwave 
communications are expected to operate. As shown in Fig. 4, in 
the case ( ) ( ) ( )/BS UE BS UE BS UEN C   equals to 0.5, the per-
formance difference between analog beamforming using a code-
book with infinite precision and with finite size is very small. 
With increased ( )BS UE , the rate loss increases also. In Fig. 5, 
with fixed parameters 8UEN    and 16UEC   at the UE and 
received SNR per antenna -10 dB, performance of the proposed 
analog beamforming is evaluated using codebook size 
/BS BS BSC N   , where 0.5,1, 2BS   and 2
q
BSN  , 
3,...,10q  , at the BS. The maximal achievable rates are eval-
uated using both simulations and closed-form analysis based on 
(19), (20) and (24). In general, the proposed analysis can roughly 
predict performance loss yet doesn’t work properly when 
( ) 2BS UE  . This is due to the fact that the derivations from 
(19)-(24) are obtained by assuming small wavenumber errors 
, ( )l BS UE . It clearly shows that in order to achieve close to the 
performance that SVD based digital beamforming provides, the 
BS(UE) should use codebook size that is twice as large as the 
number of antenna elements at the BS(UE). On the other hand, 
reducing the codebook size to be the number of implemented 
antennas could provide a good performance and cost trade-off.   
 
 
Fig. 2. Performance comparisons of proposed analog beamforming approach 
with SVD based digital beamforming in terms of maximal achievable rate. 
SNR is defined as 2 2
1
/ ( )
L
s l nl
P    . 
  
Fig. 3. Cumulative distribution probability (CDF) of cond( )HL L   and 
cond( )HHH , where cond( )X  denotes condition number of matrix X .  
 
Fig. 4. Performance comparisons of SVD based digital beamforming and 
proposed analog beamforming (AB) using codebook with infinite precision 
and different codebook sizes, in terms of maximal achievable rate. SNR is 
defined as 2 2
1
/ ( )
L
s l nl
P    . 
 
 
Fig. 5. Performance comparisons of proposed analog beamforming (AB) 
using a codebook with infinite precision and using codebook size that is 
/BS BSC N   at the BS, in terms of maximal achievable rate. 8 anten-
nas and codebook size 16 are implemented at the UE. 
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VI.   CONCLUSIONS 
In this paper, we proposed array response vector based ana-
log beamsteering approaches that enable flexible hybrid beam-
forming design with performance close to SVD based digital 
beamforming. Assuming the use of a codebook with infinite 
precision at first, we construct analog beamsteering by approx-
imating the conjugate of the array response vectors at the BS 
and the UE sides. The resulting effective channel matrix includ-
ing both propagation channel and analog beamformers can pro-
vide maximal achievable rate very close to SVD based digital 
beamforming at low and medium SNR. A closed-form deriva-
tion was obtained for mapping performance degradation to the 
number of antennas, codebook sizes and SNR. The analysis 
generally showed that in order to minimize performance degra-
dation, the codebook size should be twice as large as the num-
ber of antennas. By reducing codebook size to the number of 
antenna elements, a good performance and cost trade-off can be 
achieved. Future work will focus on devising efficient link-level 
and channel estimation algorithms for reaching the potential of 
the proposed analog beamformer in hybrid beamforming design.  
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